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" N e l l ,  'I a l iqu id- fue led  
rocket  developed by  Goddard 
(second from r i g h t )  , befo re  
launch on A p r i l  19, 1932 i n  
New Mexico. A rocke t  o f  
t h i s  t ype  reached an a l t i -  
tude  o f  2 m i l e s  and a 
speed of 500 mph. Goddard 
developed, b u i l t  and 
launched t h e  wor ld ' s  f i r s t  
l i qu id -  fue led  rocke t  i n  
1926, six yea r s  be fo re  t h e  
e a r l i e s t  German work. A t  
r i g h t ,  t h e  successor  t o  
" N e l l , i i  40 stories h igh  
when completed, and designed 
f o r  t h e  manned landing on - 
t h e  moon, i n  assembly a t  *a Michoud, La. 
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Chapter 1, TEE LAWS QF MOTZDK 

The s tudy of motions and t h e  fovces w l - 1 ~ 5  produce them is  

t h e  essence of our at tempt  t o  understand our phys ica l  environ- 

ment. The r e l a t i o n  between appl ied f o r c e s  and t h e  r e s u l t a n t  

motions, which c o n t r o l s  t h e  working of t h e  phys ica l  world, 

i s  contained i n  Newton's laws of motion, which w e r e  f i r s t  pub- 

l i s h e d  by him i n  1686 i n  t he  Phi losophiae N a t u r a l i s  P r i n c i p i a  

Mathematica. Newton's formulation of t h e s e  laws was so c l e a r ,  

and t h e  a p p l i c a t i o n  t o  c e l e s t i a l  bodies  so powerful and compre- 

hens ive ,  t h a t  h i s  work appeared t o  i l l u m i n a t e  a scene where 

a l l  had been darkness  be fo re ,  Some yea r s  a f t e r  Newton's dea th ,  

Alexander Pope w r o t e ,  

"Nature and n a t u r e ' s  laws l a y  h i d  i n  n ight ;  
God s a i d ,  ' L e t  Newton be , '  and a l l  was l i g h t . "  

Pope's couple t  underscored what was t o  become t h e  t r a d i t i o n a l  

view, t h a t  Newton's work on the laws of motion and g r a v i t y  

s tood  by i t s e l f  a s  t h e  beginning of t h e  s c i e n t i f i c  r evo lu t ion .  

B u t  Newton b u i l t  on a foundation e s t a b l i s h e d  by 2000 yea r s  of 

i n t e l l i g e n t  i nqu i ry .  

A r i s t o t l e  dominated Western s c i e n t i f i c  thought f o r  2000 

y e a r s  p r i o r  t o  Newton. I n  the f o u r t h  century  B.C. A r i s t o t l e  

a b s t r a c t e d  c e r t a i n  observed p r o p e r t i e s  of moving o b j e c t s  i n t o  a 0 
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g e n e r a l  law w h i c h  survived f o r  many c e n t u r i e s .  Noting t h a t  an  

object propel led  alcng the  ground always comes t o  res t ,  he 

concluded t h a t  a l l  motion i s  opposed by  a n a t u r a l  r e s i s t a n c e ,  

which m u s t  be overcome by a p r o p e l l i n g  fo rce .  He proposed, 

t h e r e f o r e ,  as a gene ra l  l a w  of motion, t h a t  an  o b j e c t  t r a v e l s  a t  

a speed p ropor t iona l  t o  the fo rce  p r o p e l l i n g  it, and i n v e r s e l y  

p ropor t iona l  t o  t h e  force  r e s i s t i n g  i t s  motion. I f  F i s  t h e  

a 

a p p l i e d  f o r c e ,  R t h e  force  of  r e s i s t a n c e ,  and v t h e  

r e s u l t a n t  speed, A r i s t o t l e ' s  l a w  of motion may be w r i t t e n  

symbolical ly  a s  

i n  w h i c h  C is  a cons t an t  which does no t  depend on F , v , 

o r  R . 

The d i f f i c u l t y  w i t h  t h i s  l a w  is  t h a t  it p r e d i c t s  v = 0 

when F = 0 , i . e . ,  the ob jec t  comes t o  rest when t h e  p r o p e l l i n g  

f o r c e  is  removed. Bu t  i n  many cases t h a t  i s  n o t  t r u e .  What 

force keeps an arrow moving a f te r  it l eaves  t h e  bow, or a 

s t o n e  af ter  it leaves  t h e  hand of  t h e  thrower? 

A r i s t o t l e  w a s  i n  t rouble  because h i s  l a w  o f  mot ion  r equ i r ed  

t h e  continuous a p p l i c a t i o n  o f  a fo rce  t o  s u s t a i n  t h e  motion. 

But he had an answer: a i r  f l o w s  around t h e  arrow or t h e  s t o n e  

from t h e  f r o n t  t o  the rear and pushes it ahead. a 
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This answer is cot  very much t o  t3.e t a s t e  of a modern 

mind, nor d i d  it appeal  t o  every scho la r  i n  t he  Middle Ages. 

I n  t h e  s i x t h  century A , D . ,  Philoponus cf Alexandria ob jec t ed  

t h a t  the bow would not  be needed i f  a i r  a lone  could propel  t h e  

arrow; t h a t  v i o l e n t  bea t ing  of t h e  a i r  behind t h e  arrow would 

s u f f i c e .  This  was n o t  observed; hence, Philoponus suggested 

t h a t  the a c t i o n  of t h e  b o w  is e s s e n t i a l ;  t h a t  t h e  bow imparts  

a motive power t o  t h e  arrow which p e r s i s t s  f o r  some t i m e  

a f t e r  t h e  arrow is projected.  

However, Philoponus thought t h a t  i n  empty space t h e  

motive power of  a p r o j e c t i l e  would g radua l ly  d isappear .  

He had not  y e t  come upon the concept of i n e r t i a .  

By the l a t e  Middle Ages s c h o l a r l y  a c t i v i t y  had moved 

northward t o  inc lude  climates of severe  win te r  cold,  and 

ice ska t ing  on f rozen  lakes  and r i v e r s  must have been a 

common experience.  N o  doubt it was observed t h a t  t h e  

s k a t e r  g l i d e s  very f a r  on an excep t iona l ly  smooth s h e e t  

of ice. Perhaps ex t r apo la t ing  from such simple obse rva t ions ,  
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a p h y s i c i s t  named Jean  Buriden, who taught  a t  t h e  Univers i ty  

of Paris i n  t h e  14 th  century,  drew t h e  conclusion t h a t  an 

object w h i c h  is set i n  motion acqu i re s  a proper ty  he c a l l e d  

impetus, by which i ts  motion is maintained i n d e f i n i t e l y  if 

no opposing force acts on it. He def ined  the impetus of a 

moving body as p ropor t iona l  t o  t h e  product of 

i ts  m a s s  by its speed of motion. I n  these state- 
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ments Buriden fsrrnLzlated elements of Newton's laws of motion 

t h r e e  c e n t u r i e s  b e f s r e  Ncvtm's  b i r t h ,  

The essence c E  A'istctle's law of motion is t h a t  an o b j e c t  

moves a t  a speed W + ~ ~ C ? - ~  i s  propor t iona l  t o  t h e  f o r c e  app l i ed  

t o  it. Buriden brske t'rris p r o p o r t i o n a l i t y  when he proposed 

t h a t  an o b j e c t  may c o n t i n u e  i n  motion even though no f o r c e  is  

app l i ed .  Y e t  t h e  motLon of an o b j e c t  is  c l e a r l y  inf luenced  by 

app l i ed  f o r c e s  i n  some way, The c r i t i c a l  po in t  which A r i s t o t l e  

missed i s  t h a t  an appl ied  force chanqes t h e  speed of an object. 

"Change" is  t h e  key word. When a p r o p e l l i n g  fo rce  is app l i ed ,  

t h e  speed inc reases ;  when the f o r c e  is  removed, t h e  speed 

remains cons tan t  t h e r e a f t e r ,  I f  an opposing f o r c e  is  app l i ed ,  

t h e  speed decreases .  

I n  physics ,  t h e  r a t e  of change of speed of a moving o b j e c t  

i s  c a l l e d  i t s  a c c e l e r a t i o n .  The a c c e l e r a t e d  motion which 

r e s u l t s  from t h e  s teady  app l i ca t ion  of a cons t an t  f o r c e  i s  

c a l l e d  uniform a c c e l e r a t i o n .  

Uniformly acce le ra t ed  motion was i n v e s t i g a t e d  i n  d e t a i l  

by G a l i l e o  (1564-1642), who took a s  h i s  example t h e  f a l l i n g  

motion of a body under t h e  constant  downward f o r c e  of g r a v i t y .  

H i s  o b j e c t i v e  was t o  determine t h e  manner i n  which t h e  speed 

changes a s  an  o b j e c t  f a l l s .  I n i t i a l l y  he he ld  t h e  erroneous 

view, expressed i n  a l e t te r  w r i t t e n  i n  1604, t h a t  a f a l l i n g  e 
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body p icks  up speed .in proportion t o  the  d j s t a n c e  f a l l e n .  

A f t e r  some yea r s  he corrected h i s  error and  def ined  uniform 

acceleration as  a s teady  increase o f  speed i n  propor t ion  t o  the 

- t i m e  e lapsed  i n  f a l l i n g .  This d e f i n i t i o n  carries an impl i ca t ion  

which Gal i leo  p u t  t o  t h e  t e s t  of experiment.  I f ,  s t a r t i n g  from 

rest ,  a f a l l i n g  object ga ins  speed i n  p ropor t ion  t o  t i m e ,  t h e  

v e l o c i t y  v a t  t h e  end of a t i m e  t may be w r i t t e n  

v = a t  

where a i s  t h e  cons tan t  of p r o p o r t i o n a l i t y .  The cons t an t  a 

i s  t h e  magnitude of the a c c e l e r a t i o n ,  s i n c e  it c o n t r o l s  t h e  

ra te  a t  which t h e  speed increases .  L e t  us  now c a l c u l a t e  the 

d i s t a n c e  f a l l e n  i n  t h e  t i m e  t . The average speed during t h e  

t i m e  t is  %v , and the  d is tance  f a l l e n  i s  

d = %v x t = % ( a t )  x t 

= +at2 

Thus i n  uniform a c c e l e r a t i o n  t h e  d i s t a n c e  f a l l e n  inc reases  as 

t h e  square of the t i m e .  To tes t  t h i s  r e l a t i o n ,  Ga l i l eo  con- 

s t r u c t e d  t h e  fol lowing experiment. H e  c u t  a groove i n  a board 

18 feet  long,  l i n e d  t h e  groove wi th  smooth parchment, and raised 

one end about t w o  feet  above t h e  o t h e r .  H e  permit ted a s m a l l  

bronze b a l l ,  about a n  inch  i n  diameter ,  t o  r o l l  down the groove, 

and noted the  t i m e  requi red  f o r  i t s  d e s c e n t .  H e  then  noted t h e  
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t i m e  requi red  for the b a l l  to  r o l l  one quarter t h e  d i s t a n c e  

previous ly  gone, and found t h i s  t i m e  t o  be one h a l f  the previous ly  

measured t i m e .  Next he t r i e d  o t h e r  d i s t ances  of descent .  I n  

t h i s  way he determined tha t  t h e  d i s t a n c e s  t r a v e r s e d  w e r e  i n  

propor t ion  t o  the squares of t h e  t i m e s  e lapsed.  

Accuracy w a s  e s s e n t i a l  i n  these measurements, i n  o rde r  t o  

d i s t i n g u i s h  t h e  proposed laws of a c c e l e r a t i o n  from o t h e r  pos- 

sible d e f i n i t i o n s ,  b u t  accura te  c locks  w e r e  n o t  available a t  

t h a t  t i m e  f o r  measurement of such short  i n t e r v a l s  of t i m e  as a 

few seconds. Gal i leo  the re fo re  devised a new ins t rument ,  a 

modi f ica t ion  of the w a t e r  clock, for h i s  purposes. H i s  c lock  

cons i s t ed  of a v e s s e l  of large h o r i z o n t a l  dimensions, w i th  a 

h o l e  a t  the  bottom which was covered by t h e  f i n g e r  u n t i l  the 

b a l l  w a s  r e l eased  a t  the top of t h e  plane.  When t h e  b a l l  reached 

one of t h e  c r i t i ca l  marks on t h e  p lane ,  the f i n g e r  w a s  rep laced .  

In  the i n t e r i m  w a t e r  spurted from the hole i n t o  a pan which 

could be placed on a balance and weighed. 

c o l l e c t e d  gave a measure of t h e  t i m e  i n t e r v a l .  

The weight  of water 

With t h e  h inds igh t  o f  400 y e a r s  Gal i leo 's  i n v e s t i g a t i o n s  

seem very  simple, b u t  i n  h i s  t i m e  t hey  represented  a h igh ly  

o r i g i n a l  and d i f f i c u l t  s t ep .  Galileo made a v i t a l  c o n t r i b u t i o n  

t o  t h e  l a w s  of motion by s h i f t i n g  the 'emphas is  from speed t o  
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a c c e l e r a t i o n ,  i n  t he  s tudy  of moving bodies ,  a n d  by e s t a b l i s h i n g  

t h e  q u a n t i t a t i v e  l a w  of motion for the s p e c i a l  case of accelera- 

t i o n  under a c o n s t a n t  force. B u t  Galilecl stopped short of 

a t tempt ing  a gene ra l  d e s c r i p t i o n  of the motion produced by 

any kind of force. The general  l a w  w a s  formulated by Isaac 

Newton, who w a s  born on the manor of Woolsthorpe i n  England 

on Christmas Day of 1642, i n  the year  of Gal i leo ' s  death. 

By Newton's t i m e  a l l  the elements r equ i r ed  fo r  a complete 

understanding of the l a w s  of motion w e r e  a t  hand. Seve ra l  of 

h i s  contemporaries a r r i v e d  a t  some of h i s  important  r e s u l t s  

independently,  i n  some instances preceding him, b u t  Newton 

a lone  d isp layed  t h e  power$ of a n a l y s i s  and i n t u i t i o n  r equ i r ed  

t o  fit the  pieces toge the r .  H e  s ta r ted  w i t h  a clear s ta tement  

of t h e  l a w  of i n e r t i a :  

Every body continues i n  i t s  s ta te  of rest 
o r  of uniform motion i n  a s t r a i g h t  l i n e ,  
u n l e s s  it i s  compelled t o  change t h a t  s ta te  
by forces impressed. 

This  w a s  Newton's f irst  l a w  of motion. The second l a w  drew 

on Gal i leo ' s  work and on some p a r a l l e l  i d e a s  of Descartes 

(1596-1650) on t h e  re la t ion  between force and a c c e l e r a t i o n :  

An object is acce le ra t ed  i n  propor t ion  
t o  t h e  f o r c e s  appl ied.  
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The force reqcired to  acce le ra t e  an ob jec t  depends on  

t h e  q u a n t i t y  of ma t t e r  wF.Lch t h e  o b j e c t  c o n t a i n s ;  t h e  l a r g e r  
0 

t h e  o b j e c t ,  t h e  g r e a t e r  t h e  fo rce  which must be app l i ed .  

Newton proposed tF.at tF.e force needed t o  produce a given degree 

of a c c e l e r a t i o n  1s e x a c t l y  p ropor t iona l  t o  the q u a n t i t y  of ma t t e r  

i n  t h e  o b j e c t .  FGr the  quan t i ty  of ma t t e r  he introduced t h e  

term "mass, 'M If m is the  mass of an o b j e c t ,  a i t s  acce le r -  

a t i o n ,  and E" t h e  f o r c e  appl ied ,  t he  complete s ta tement  of t h e  

second law i s  

The second law provided t h e  foundat ion f o r  a l l  developments 

i n  physics  from t h e  17th  through t h e  19th  c e n t u r i e s ;  i t  l a s t e d  

wi thou t  modi f ica t ion  f o r  2.19 yea r s ,  from t h e  p u b l i c a t i o n  of 

Newton's P r i n c i p i a  i n  1686 t o  t h e  p u b l i c a t i o n  of E i n s t e i n ' s  

law of s p e c i a l  r e l a t i v i t y  i n  1905. Even today, it se rves  a s  

an accu ra t e  d e s c r i p t i o n  of a l l  events  which t ake  p l ace  a t  

speeds considerably less than the  speed of l i g h t .  

Note tha t ,  t h e  f i r s t  law i s  included i n  t h e  second, and need 

not  be w r i t t e n  s e p a r a t e l y ;  for, i f  t h e  f o r c e  app l i ed  t o  an 

o b j e c t  is zero ,  then t h e  a c c e l e r a t i o n  vanishes  and t h e  speed 

i s  t h e r e f o r e  cons t an t .  Why d i d  Newton w r i t e  t h e  same s t a t e -  

ment twice? Perhaps t h e  burden of 2000 y e a r s  of  misconceptions 

regard ing  movi.ng bodies  weighed so h e a v i l y  on h i s  mind t h a t  he 
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f e l t  compelled to  exl-.-.sbit s e p a r a t e l y  t h e  a spec t  of  h . i s  g e n e r a l  

law of motion which most c l e a r l y  c o n f l i c t e d  w i t h  o l d e r  i d e a s .  

The second law of motion sets a c c e l e r a t i o n  p r o p o r t i o n a l  

t o  app l i ed  fo rce ,  whereas A r i s t o t l e ' s  law had set  speed propor- 

t i o n a l  t o  f o r c e ,  It  i s  impossible t o  overemphasize t h e  impor- 

t ance  of t h i s  simple change. I n  t h e  s tudy of moving o b j e c t s  

it took us 2000 yea r s  t o  r i d  ou r se lves  of t h e  erroneous emphasis 

on speed r a t h e r  than  on acce le ra t ion .  

The  formulat ion of t h e  laws of motion i s  completed by 

t h e  t h i r d  law: 

To every a c t i o n  t h e r e  i s  opposed an  equa l  
r e a c t i o n .  

i . e . ,  t h e  a c t i o n  of one objec t  on a second equals  t h e  r e a c t i o n  

of t h e  second back on the  f i r s t .  

When the  o b j e c t s  a r e  i n  con tac t ,  t h e  t h i r d  law i s  an 

obvious s ta tement  of everyday exper ience .  A swimmer d i v e s  o f f  

a s m a l l  boa t  i n t o  t h e  water:  he pushes back a g a i n s t  th.e boa t  

t o  g e t  t h e  impetus f o r  h i s  dive,  and t h e  boa t  pushes forward 

on  him. A s  a consequence of th.e f o r c e  which each exerts on t h e  

o t h e r ,  bo th  move away from the  p o i n t  of con tac t  i n  o o p s i t e  

d i r e c t i o n s .  The t h i r d  l a w  a s s e r t s  t h a t  t h e  f o r c e  of t h e  man 
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on the boat i s  p r e c i s e l y  equal t o  t h e  r e a c t i o n  of  t h e  boa t  

on t h e  man. 

Consider another  example which b r i n g s  o u t  t h e  importance 

of  t h e  r e l a t i v e  masses of  the two i n t e r a c t i n g  objects. A man 

l i e s  on t h e  ground wi th  h i s  f e e t  a g a i n s t  a rock,  and prepares 

t o  push t h e  rock away by  s t r a igh ten ing  h i s  l egs .  I f  t h e  rock 

i s  much l a r g e r  than he i s ,  by pushing a g a i n s t  i t  he w i l l  on ly  

propel  himself backward when he s t r a i g h t e n s  h i s  l egs .  The rock 

w i l l  move very  slowly, i f  a t  a l l ,  i n  t h e  o t h e r  d i r e c t i o n .  

On t h e  o t h e r  hand, i f  t h e  rock i s  much smal le r  and l i g h t e r  

than  t h e  man, he w i l l ,  as he s t r a i g h t e n s  h i s  l e g s  i n  pushing 

a g a i n s t  t h e  rock, propel  i t  away from him whi le  he moves 

backwards s l i g h t l y ,  i f  a t  all. 

This  thought-experiment sugges ts  t h a t  when two objects 

separate by pushing on one another ,  t hey  move apart a t  speeds 

which depend on t h e i r  r e l a t i v e  s i z e s  o r  masses. 

t hey  separate a t  speeds which a re  i n v e r s e l y  p ropor t iona l  t o  

t h e  r a t i o  of t h e i r  masses, as can be shown f r o m  t h e  second 

l a w  of motion. Labeling the objects by  t h e  numbers 1 and 2 ,  

More p r e c i s e l y ,  
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o r ,  c l e a r i n g  f r a c t i o n s ,  

mlVl = m2V2 

The product of  t h e  mass and t h e  v e l o c i t y  of  a moving 

o b j e c t  i s  c a l l e d  i t s  momentum. (It i s  t h e  same q u a n t i t y  which 

Buriden suggested as  a measure of impetus i n  t h e  1 4 t h  cen tu ry . )  

Thus, t h e  t h i r d  l a w  s ta tes  t h a t  when two o b j e c t s ,  i n i t i a l l y  

a t  rest, sepa ra t e  as  a consequence o f  f o r c e s  exe r t ed  on one 

ano the r ,  t hey  c a r r y  o f f  equal amounts of momentum i n  oppos i t e  

d i r e c t i o n s .  This  remark unde r l i e s  t h e  phys ic s  of  rocke t s .  
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Chapter 2. THE MOTIOG OF THE MOON 

It is a remarkable achievement on the part of Newton that 

he was able to distill all past experience regarding forces and 

motions into a simple and yet complete statement which provided 

the foundation of modern science, and stood unchanged for 200 

years. Yet great as this achievement is, it does not compare 

with the quantitative formulation of the law of universal 

gravitation and the development of its eonsequencee into a 

comprehensive system of the universe. 

Several of Newton's predecessors and contemporaries had 

suggested that the gravity which pulls objects to the earth's 

surface is a universal force of attraction, which varies 

inversely as the square of the distance between the attracting 

bodies. Alphonse Borelli (1608-1678) anticipated Newton's 

Principia by suggesting, in 1666, that the attractive force 

of gravity is exerted by the sun on the planets, and bends 

their paths into ellipses. Robert Hooke (1635-1703) proposed 

as early as 1665, in the Microsraphia, that gravity acts on 

the moon, the planets and all celestial bodies; h i s  reason 

being that a force of attraction to the center must be intra- 

duced'to explain the spherical shape of these objects. 
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named Johannes Kepler (1571-1638) e Keplar had analyzed t h e  

obse rva t ions  on t h e  mctions S €  t h e  p l a n e t s ,  and from them 

he had der ived t h r e e  general  laws of  p l a n e t a r y  motion: 

1. The o r b i t  of each p l a n e t  i s  an e l l i p s e  wi th  
t h e  sun a t  one focus, 

2. The r a d i u s  vec tor  sweeps over equal  areas 
i n  equal  i n t e r v a l s  of  time. 

3. The ra t io  of  t h e  cubes o f  t h e  semimajor 
axes  of t he  o r b i t s  o f  any two p l a n e t s  i s  
equal  t o  t h e  r a t i o  o f  t h e  squares  of  t h e i r  
per iods .  

The f i r s t  t w o  of these were publ ished i n  1609, t h e  same 

yea r  i n  which Ga l i l eo  completed h i s  a n a l y s i s  of uniform 

a c c e l e r a t i o n .  The t h i r d  law appeared i n  1618. Kepler 

a r r i v e d  a t  t h e s e  laws because he had a v a i l a b l e  t o  h i m  t h e  

superb measurements of Tycho Brahe on the  p o s i t i o n s  of  the 

p l a n e t s .  Kepler joined Brahe a s  h i s  a s s i s t a n t  i n  t h e  observ- 

a t o r y  near  Prague i n  1600, and w a s  ass igned t h e  o r b i t  o f  Mars 

as  h i s  f i r s t  t a sk .  Kepler t r i e d  t o  exp la in  t h e  observed 

p o s i t i o n s  o f  Mars i n  t h e  sky by assuming t h a t  t h e  p l a n e t  

t r ave r sed  a c i r c u l a r  o r b i t  around t h e  sun, fol lowing t h e  t r a -  

d i t i o n a l  po in t  of view t h a t  t h e  c i r c l e  w a s  t h e  n a t u r a l  pa th  

f o r  c e l e s t i a l  bodies.  He w a s  forced t o  p l a c e  t h e  sun i n  an 

of f -center  p o s i t i o n  i n  okder t o  improve t h e  agreement between 
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h i s  t h e c r y  and t h e  observa t ions .  With t h e  a i d  o f  t h i s  a s s u m p  

t i o n ,  and a f t e r  four  yea r s  of c a l c u l a t i o n s ,  he reduced t h e  

discrepancy between theory  and cbse rva t ion  t o  e i g h t  minutes of 

a r c .  E i g h t  mir,utes tf a r c  i s  t h e  angle  between t h e  eyes of 

a person a t  a d i s t a n c e  of one c i t y  block.  Y e t  t h i s  minute ang le  

s igna led  t h e  f a l l  of t h e  Ptolemaic ep icyc le  and t h e  r i s e  of 

t h e  new sc ience  . 

I n  Ptolemy's d e s c r i p t i o n  of t h e  un ive r se  t h e  sun ,  m o o n  

and p l a n e t s  moved i n  c i r c u l a r  o rb i t s  about t h e  ear th ,  which s tood 

a t  t h e  c e n t e r  of t h e  s o l a r  system. I n  o r d e r  t o  account f u r  

t h e  complicated motions of t h e  o t h e r  p l a n e t s  as  aeen from 

t h e  e a r t h ,  Ptolemy (2nd century A . D . )  cons t ruc t ed  a system of  

e p i c y c l e s  f o r  t h e i r  o r b i t s .  These were small  c i r c u l a r  motions 

superimposed on t h e  main o r b i t  of t h e  p l a n e t  around t h e  e a r t h .  

Copernicus (1473-1543) s impl i f ied  the  Ptolemaic system by 

p l ac ing  t h e  sun a t  t h e  cen te r  of  t h e  s o l a r  system, b u t  h i s  

d e s c r i p t i o n  of  p l a n e t a r y  motions s t i l l  r e l i e d  on t h e  ep icyc le .  

Kepler w a s  t h e  f i r s t  astronomer t o  overthrow t h e  c i r c l e  and 

the ep icyc le ,  and e s t a b l i s h  t h e  e l l i p s e  as  t h e  c o r r e c t  d e s c r i p .  

tion of t h e  motion o f  t h e  p l ane t s .  

way t o  Newton's subsequent l i n k i n g  of t h e  e l l i p t i c a l  o r b i t  

and the i n v e r s e  square law of g r a v i t y .  

I n  so doing, he opened t h e  

The accuracy of Tycho Brahe 's  obse rva t ions  played a c r i t i ca l  
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r o l e  i n  t h i s  development, Ptclemy and Copernicus based t h e i r  

ep icyc le  t h e o r i e s  on observa t ions  of  t h e  p o s i t i o n s  of t h e  p l a n e t s  

which were accu ra t e  t o  t e n  minutes of a r c ,  and were a b l e  t o  f i t  

t h e  ep icyc le  t o  t h e  cbserved  motions of  t h e  p l a n e t s  i f  t hey  allowed 

t h i s  amount of e r r o r .  The d iscrepancy  of  e i g h t  minutes of  a r c  

which Kepler found i n  h i s  theory  of Mars would have s a t i s f i e d  

Ptolemy and Copernicus. But  Brahe claimed h i s  obse rva t ions  t o  

be accu ra t e  t o  t w o  minutes of  a r c ,  and Kepler be l ieved  h i m ,  He 

continued h i s  l a b o r s  through two more y e a r s  and 900 f o l i o  pages o f  

16 th  century  a lgebra  and geometry, u n t i l  he discovered t h a t  if 

Mars moved, not  i n  a c i r c l e ,  b u t  i n  an e l l i p s e  with t h e  sun a t  one 

focus ,  then t h e  p o s i t i o n s  of t h e  p l a n e t  could b e  p red ic t ed  w i t h  

a n  e r r o r  of  l e s s  than  two minutes of  arc a t  each p o i n t .  

It w a s  a f o r t u n a t e  circumstance t h a t  Brahe assigned Mars 

t o  Kepler on h i s  a r r i v a l  i n  Prague, because the o rb i t  of  Mars 

i s  more e l l i p t i c a l ,  t h a t  is, more egg-shaped, than  t h e  o r b i t  

of any o t h e r  nearby p lane t .  The e a r t h ' s  o r b i t  i s  c l o s e  t o  a 

p e r f e c t  c i r c l e :  i t  depa r t s  from c i r c u l a r i t y  by two p e r  cent .  

The o r b i t  of t h e  p l a n e t  Venus d e p a r t s  from a c i r c l e  by only  

0 . 7  p e r  cent .  The o r b i t  of Mars, however, i s  r a t h e r  d i f f e r e n t ;  

i t  d e p a r t s  from c i r c u l a r i t y  by  9 p e r  c e n t ,  Because t h e  

depa r tu re  w a s  as g r e a t  as 9 per cen t  Kepler w a s  unable t o  f i t  

h i s  c a l c u l a t i o n s  of t h e  Mars o r b i t  i n t o  t h e  convent ional  i d e a s  
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of c i r c u l a r  o rb i t s .  

Kepler ’s  second l a w  does n o t  concern us  here, except  t o  

say  tha t  it t e l l s  GS a p lane t  moves fas tes t  when it i s  closest  

t o  the sun and s l o w e s t  when it is a t  i t s  f u r t h e s t  d i s t a n c e  

i n  i t s  e l l i p t i c a l  o rb i t .  

Kepler spen t  22  yea r s  i n  e x t r a c t i n g  the t h i r d  l a w  of 

p l ane ta ry  motion from the data.  The th i rd  l a w  deals w i t h  the 

r e l a t i o n  between the dis tance from a p l a n e t  t o  the sun and the 

t i m e  it takes tha t  p l a n e t  to  go around t h e  sun ,  t ha t  is, w i t h  

the l eng th  o f  i t s  year .  It may be s t a t e d  as follows: The 

square of the t i m e  (T’) i n  w h i c h  a p l a n e t  completes one cir-  

c u i t  around the sun i s  propor t iona l  ( p r o p o r t i o n a l i t y  symbol: & ) 

t o  the cube of i t s  d is tance  t o  the sun (R) : 

As i l l u s t r a t i o n s  of the t h i r d  l a w  consider  t h e  o rb i t s  of 

the earth and Mars. The e a r t h  is 9 3  m i l l i o n  m i l e s  from the 

sun ,  and revolves  about the sun i n  365 days or  approximately 

30 m i l l i o n  seconds. Mars is 142 m i l l i o n  m i l e s  f r o m  the sun, 

or  roughly 1 . 5  t i m e s  f a r t h e r  than the earth.  
3 
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and 

hence t h e  Martiam year i s  1 . 9  t i m e s  t h e  l e n g t h  of a year OR the 

e a r t h ,  o r  approximately 690 days. 

From t h e  age of 25 t o  47  Kepler labored over  Brahe's 

data,  t e s t i n g  them f o r  s i g n i f i c a n t  r e l a t i o n s h i p s .  He succeeded 

t o t a l l y ;  wi th in  t h e  observa t iona l  accuracy of 2 minutes of 

arc  there  a re  no o t h e r  l a w s  t o  be found i n  t h e  movement of t h e  

p l a n e t s .  Kepler found t h e  s t r e n g t h  needed t o  c a r r y  h i m  through 

t h i s  ordeal  i n  h i s  b e l i e f  t h a t  a d i v i n e  order and purpose 

must e x i s t  i n  na ture .  H e  saw t h e i r  expression i n  t h e  beaut i -  

f u l  s i m p l i c i t y  of  t he  proport ion between the  square of t h e  t i m e  

of r evo lu t ion  of a p l a n e t  and t h e  cube of i t s  d i s t a n c e  f r o m  

t h e  sun. 

Newton a lso bel ieved t h a t  t h e  mechanics of  t h e  solar 

system expressed a d i v i n e  purpose. Yet he could not be sat is-  

f i e d  w i t h  Kepler's l a w s  as  they  stood. 

a clear understanding of the laws of motion; he knew t h a t  a 

p l a n e t  or any object moves i n  a s t r a i g h t  l i n e  u n l e s s  a force 

def l ec t s  i t;  he knew, t h e r e f o r e ,  t h a t  a force must act on the 

p l a n e t s  t o  keep them c i r c l i n g  around t h e  sun: he knew that a 

force must act on t h e  moon to keep i t  c i rc l ing  around the 

N e m n  had developed 
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e a r t h :  and he Looked tc Kepler's laws to provide t h e  key t o  

t h e  n a t u r e  o f  t h a t  force.  

The Law of Gravity.  Newton claimed t h a t  he w a s  a very  young 

man when he f i r s t  had t h e  remarkable thought on t h e  univer- 

s a l i t y  of g r a v i t y .  H e  had returned home f r o m  Cambridge Univer- 

s i t y  i n  1665, a t  t h e  age of 23, t o  avoid t h e  Great Plague 

which s t r u c k  t h e  c i t y  i n  1665 and 1666. H e  remained a t  home 

f o r  t w o  yea r s ,  and, according t o  h i s  r e c o l l e c t i o n s  i n  l a t e r  

yea r s ,  i t  w a s  dur ing  t h i s  period of i s o l a t i o n  t h a t  he f i r s t  

r e f l e c t e d  on t h e  motion of t h e  moon, which revolves  around t h e  

e a r t h  i n  an approximately c i r c u l a r  o r b i t  as  t h e  p l a n e t s  

revolve around t h e  sun. 

w e r e  t h e r e  no t  a fo rce  a t t r a c t i n g  it t o  t h e  e a r t h  and con- 

s t r a i n i n g  it  t o  move i n  a c i r c u l a r  pa th .  What i s  t h i s  f o r c e ?  

Could i t  be  t h e  same a s  the  f o r c e  of g r a v i t y  which t h e  e a r t h  

e x e r t s  on objects a t  i t s  su r face?  Newton conjectured t h a t  the 

t w o  forces w e r e  i d e n t i c a l .  I f  t h i s  proposal were correct it 

would u n i t e  t h e  e a r t h  and t h e  heavens i n  one mechanical system, 

The boldness  of t h e  s t e p  cannot be exaggerated. 

The moon would f l y  off a t  a t angen t ,  

Newton turned t o  t h e  mQtions of t h e  moon and p l a n e t s  for 

a t es t  of h i s  hypothesis.  Kepler had a l r e a d y  w r i t t e n  i n  1609, 

'I... t h e  a t t rac t ive  fo rce  of t h e  e a r t h  ... extends t o  t h e  moon 



and even farther." Hooke had mdde t h e  same conjec ture .  B u t  

Newton w e n t  much further. Frum Kepler ' s  laws of p l ane ta ry  motion 

he der ived  a b a s i c  proper ty  of the fo rce  which holds  the  p l a n e t s  

i n  their  o r b i t s .  H e  then ca r r i ed  o u t  c a l c u l a t i o n s  t o  deter- 

mine whether t h i s  same property was possessed by t h e  fo rce  t h a t  

ho lds  the  moon i n  i t s  o r b i t  and the fo rce  t ha t  d r a w s  bodies  t o  

t h e  ground. H e  w r i t e s ,  "And the same year  (1665 or 1666) I 

began t o  t h i n k  of g r a v i t y  extending t o  the o rb  of t h e  Moon, and 

having found o u t  how t o  estimate the  fo rce  w i t h  w h i c h  a globe 

revolv ing  w i t h i n  a sphere presses the s u r f a c e  of the sphe re ,  

from Kepler 's  Rule of t h e  p e r i o d i c a l  t i m e s  of t h e  P l a n e t s  be ing  

i n  a s e s q u i a l t e r n a t e  proport ion of t he i r  d i s t a n c e s  from the 

c e n t e r s  of t h e i r  O r b s  I deduced t h a t  t h e  forces which keep the 

P l a n e t s  i n  the i r  O r b s  mus t  (be) r e c i p r o c a l l y  a s  the squares  of 

their  d i s t a n c e s  from the centers  about w h i c h  they  revolve: 

and thereby compared the force r e q u i s i t e  t o  keep t h e  Moon i n  h e r  

Orb with t h e  fo rce  of g rav i ty  a t  t h e  s u r f a c e  of  the e a r t h ,  and 

found them answer p r e t t y  nearly.  A l l  t h i s  w a s  i n  t h e  t w o  plague 

y e a r s  of  1665 and 1666,for  i n  those days I w a s  i n  t h e  prime of 

my age for i n v e s t i g a t i o n ,  and minded Mathematicks and Philosophy 

m o r e  than a t  any t i m e  s ince.  What M r .  Hugens has  publ ished 

s i n c e  about c e n t r i f u g a l  forces  I suppose he had before  m e . "  

That i s ,  he combined the  law of c e n t r i f u g a l  r e a c t i o n  w i t h  

Kepler ' s  t h i r d  law of  p lane tary  motion t o  d e r i v e  t h e  inve r se  
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square law fo r  the variat..ion of the qravi ta t i .ona1  force  w i t h  

d i s t ance  from the  a t t r a c t i n y  body (Chapter 3 ) .  

Armed with t h e  1/R2 law, Newton could now t e s t  the u n i -  

v e r s a l i t y  of g r a v i t y .  He reasoned: i f  t h e  force  of g r a v i t y  

a c t s  between a l l  o b j e c t s  i n  the  universe ,  then t h i s  fo rce ,  

which emanates from p l a n e t s  t o  the  sun  and binds these  p l a n e t s  

i n  t h e i r  o r b i t s ,  w i l l  a l s o  emanate from the  e a r t h ,  and from 

every o the r  p l a n e t ,  and a t t r a c t  o b j e c t s  t o  them a s  w e l l .  

This same a t t r a c t i o n  mus t  be the  f ami l i a r  force  of g r a v i t y  

which p u l l s  o b j e c t s  t o  the surface of the  e a r t h ;  bu t  the  

e a r t h ' s  g r a v i t y  m u s t ,  i n  t h a t  case ,  a l s o  reach ou t  t o  the moon, 

and hold the  moon i n  i t s  o r b i t .  Since the  force  of t he  s u n ' s  

g r a v i t y  f a l l s  o f f  a s  1/R2 , t he  e a r t h ' s  g r a v i t y  mus t  a l s o  

decrease i n  t h e  same proport ions.  The moon is  240,000 miles 

from the e a r t h ,  o r  60 times f a r t h e r  removed from the  center  of 

t h e  e a r t h  than a body on the s u r f a c e  of  our p l a n e t .  Therefore ,  

t he  force  of the  e a r t h ' s  g r a v i t y ,  a c t i n g  on the  moon, should be 

weaker than the  force  of g rav i ty  a c t i n g  a t  t he  su r face  of the  

e a r t h  i n  the  r a t i o  of 1 t o  (60)* o r  1/3600 . 

Newton ca l cu la t ed  the  force requi red  t o  keep the  moon 

i n  i t s  c i r c u l a r  o r b i t  around the  e a r t h ,  compared it t o  the  

fo rce  of g r a v i t y  a c t i n g  on ob jec t s  a t  the  s u r f a c e ,  and  found 

t h e i r  r a t i o  t o  be c lose  t o  1/3600. I n  h i s  words, he found 

them t o  agree " p r e t t y  nearly. ' '  
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Although t h e s e  c a l c u l a t i o n s  a r e  supposed t o  have been 

c a r r i e d  out  by Newton i n  1666, he d i d  no t  p u b l i s h  o r  r e f e r  t o  

them a t  t h a t  time, poss ib ly  because he had t o  make an assumption 

t h a t  he was unable t o  prove, namely, t h a t  t h e  e a r t h  a t t r a c t e d  

an  o b j e c t  a t  i t s  su r face  with t h e  same fo rce  t h a t  i t  would e x e r t  

if a l l  t h e  m a s s  of t h e  planet  were concentrated i n  a p o i n t  a t  

i t s  c e n t e r .  That mathematical demonstrat ion,  i f  i t  could be 

d iscovered ,  would t i e  toge ther  t h e o r i e s  and obse rva t ions  of  a l l  

c e l e s t i a l  motions i n  a s ing le  system. I n  1679 he w a s  a b l e  t o  

prove t h i s  s ta tement  with the a i d  of t h e  c a l c u l u s .  

I n  t h e  i n t e r i m  o t h e r  s c i e n t i s t s  had a l s o  der ived t h e  

i n v e r s e  square l a w  of g rav i ty  by combining t h e  l a w  o f  cen t r ip -  

e t a l  a c c e l e r a t i o n  with t h e  t h i r d  l a w  of Kepler. Three men i n  

England c a r r i e d  out  t h e  d e r i v a t i o n  i n  1679. These were t h e  

p h y s i c i s t ,  Robert Hooke (1635-1703$, t h e  astronomer,  Edmund 

Ha l l ey  (165601742)~ and t h e  a r c h i t e c t ,  Chr i s topher  Wren 

(1632-1723). They were a l l  members o f  t h e  Royal Socie ty ,  and 

a l l  exceedingly i n t e r e s t e d  i n  n a t u r a l  philosophy. 

had der ived  t h e  inve r se  square l a w  of g r a v i t y  from Kep le r ' s  

t h i r d  l a w ,  t h e  burning ques t ion  f o r  t h e s e  men w a s  whether 

K e p l e r ' s  first l a w  of  e l l i p t i c a l  I ez$Ft& could be der ived  from 

t h e  i n v e r s e  square A m Q r  the  g r a v i t a t i o n a l  force. 

When they  

If t h i s  
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were so, a l l  known laws of p l a n e t a r y  and t e r r e s t r i a l  motion 

would be un i t ed  i n  one system. 

I n  t h e  per iod of 1683-1684 t h e  t h r e e  men m e t  s e v e r a l  

t imes  t o  d i s c u s s  t h e  propos i t ion .  They guessed t h a t  it w a s  

t r u e ,  b u t  could not  c a r r y  o u t  t h e  mathematics needed t o  

complete t h e  proof.  Halley v i s i t e d  Newton l a t e r  i n  1684 t o  ask 

if he could h e l p  h i s  f r i ends  i n  t h e i r  problem. 

t h a t  he had proved t h e  r e s u l t  s e v e r a l  y e a r s  e a r l i e r ,  b u t  w a s  

unable  t o  f i n d  h i s  o l d  c a l c u l a t i o n s .  Under t h e  s t imu lus  of 

H a l l e y ' s  i n t e r e s t  he returned t o  t h e  problem he had l a i d  

a s i d e  y e a r s  ago, and expanded h i s  i n v e s t i g a t i o n s  i n t o  a major 

t r e a t i s e ,  which appeared i n  1687 under t h e  imprimatur of t h e  

Royal Socie ty  wi th  t h e  t i t l e ,  Phi losophiae N a t u r a l i s  P r i n c i p i a  

M a  thema t i ca . 

Newton r e p l i e d  
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Chapter 3 .  EXER,C:SES 3 4  GRAVITY 

The d e r i v a t i o n  of  t h e  inverse square l a w  o f  g r a v i t y  from 

the t h i r d  l a w  of Kepler is among the most important  c a l c u l a t i o n s  

ever perfcrmed i n  t h e  h i s t o r y  o f  s c i ence .  I inc lude  it, then ,  

f o r  t h e  mathematically inc l ined  reader  who would l i k e  t o  retrace 

t h e  s t e p s  of N e w t o n ' s  reasoning. 

I n  t h e  second law of motion 

i = = W &  

F i s  t h e  fo rce  a c t i n g  on the p l a n e t ,  m i s  i t s  m a s s ,  and 

a i s  i t s  a c c e l e r a t i o n  i n  the motion around t h e  sun. The 

problem Newton se t  himself was t o  determine t h e  fo rce  by deducing 

t h e  a c c e l e r a t i o n  from observat ions on t h e  motion of t h e  p l a n e t .  

I n  Newton's f i r s t  a t t ack  he probably rep laced  t h e  e l l i p -  

t i c a l  o rb i t s  of t.he p l ane t s  by circles i n  o r d e r  t o  s impl i fy  

h i s  mathematical labors. Although the d i f f e r e n c e  be tween t h e  

c i rc le  and t h e  e l l i p s e  played a c r i t i c a l  role i n  t h e  subsequent 

h i s t o r y  of t h e  theory  of g rav i ty ,  it does n o t  have a s i g n i f i -  

c a n t  e f f e c t  on t h e  de r iva t ion  of  t h e  inverse square law. 

Assuming, t hen ,  t h a t  t he  o r b i t s  of the p l a n e t s  are c i rc les ,  

t h e  f i r s t  t a s k  i s  t o  calculate t h e  a c c e l e r a t i o n  of  a p l a n e t  
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moving i n  a c i r c l e .  I n  c i r c u l a r  motion a p l a n e t  keeps a cons tan t  

d i s t a n c e  from t h e  sun, and we know, from Kep le r ' s  second l a w  

(Chapter 2 ,  pp. 2-4), t ha t  i n  t h i s  c a s e  t h e  speed of t h e  

p l a n e t  i n  i t s  o r b i t  i s  a l s o  cons t an t .  If the speed is c o n s t a n t  

i t  seems t h a t  t h e  a c c e l e r a t i o n  must be ze ro ,  b u t  it m u s t  be 

remembered tha t  t h e  motion o f  t h e  p l a n e t  i s  descr ibed  not  on ly  

by i t s  speed bu t  a l s o  by t h e  d i r e c t i o n  of  t r a v e l .  Although the 

speed i s  cons t an t  t h e  d i r e c t i o n  of motion changes cont inuous ly  

as t h e  p l a n e t  c i r c l e s  about the  sun. This change of direction 

i s  a l s o  an a c c e l e r a t i o n ,  The particular kind of acceleration 

a s s o c i a t e d  wi th  c i r c u l a r  motion i s  c a l l e d  centripetal acce lera-  

t i o n ,  I ts  magnitude depends on the r a d i u s  of the c i r c l e  and 

the  speed w i t h  which t h e  p lane t  moves. I n  order t o  c a l c u l a t e  

i t ,  cons ider  t h e  diagram: a p l a n e t  i s  shown moving i n  a c w c u l a r  

o rb i t  of r a d i u s  T , the  motion of t h e  

p l a n e t  being ind ica t ed  by an 

arrow l a b e l l e d  v (for 

v e l o c i t y ) .  I n  a s h o r t  

i n t e r v a l  of t ime t t h e  

p l a n e t  progresses  a d i s t a n c e  

S i n  i t s  o r b i t ,  t h e  d i s t ance  

being given by S = v t .  I n  t h i s  

same i n t e r v a l  of t ime the  l i n e  

V 
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from the planet to the sun turns through an angle Q = S/R = vt/R . 
The acceleration is the rate at which the velocity changes, i.e., 

the change in the velocity divided by the time interval t 

in which the change occurs. The next diagram shows the arrows 

representing the velocity at the beginning and end of the 

time interval, when the planet 

is at positions 1 and 2 ,  respec- 
v1 

tivsly, The angle between the 

velocities v1 and v2 equals 

the angle 8 between the lines 

joining the planet to the sun. 

The change of velocity in the 

time interval t is given by 

the length Av of the line joining VI and v2 . Thia i r  

v2 

2v s i n  - e . If t is a short time, and, therefore, B ie a 
2 

e small angle, sin! is approximately equal to - and 
2 2 

v = 2v sin- 0 = v 0  = - v2t 
2 R 

The centripetal 

a =  

- - 

acceleration is 

velocity difference + time interval 
2 

- e  v2t * t = -  V 
R R 

This important formula apparently was derive4 by HgWgon 

in his youth in the period 166501667, according t o  him 
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recol lec t ion  30 y e a r s  l a t e r .  b u t  he d i d  n o t  communicate t h e  

r e s u l t  t o  anyc!:ie a t  t h e  time. I t  was a l s o  der ived  by C h r i s t i a n  

Huyghens (1629--1695’ a Dutch p h y s i c i s t ,  and published by 

him i n  16?3.  

m 

Knowing the  fGrmula fo r  c e n t r i p e t a l  a c c e l e r a t i o n ,  w e  

r e t u r n  t o  N e w t o n ’ s  l a w  of motion, and w r i t e  

n 

This formula g ives  t h e  magnitude of t he  fo rce  F which m u s t  be 

appl ied  t o  the  p l a n e t  t o  bend i t s  path i n t o  a c i r c u l a r  o r b i t  

of speed V and r ad ius  1 . 
t e r m s  o f  t h e  o r b i t a l  d i s tance  , w e  would  have a formula f o r  

I f  V cou ld  be expressed i n  

t h e  g r a v i t a t i c n a l  fo rce  i n  t e r m s  o f  t h e  d i s t a n c e  between t h e  

p l a n e t  and t h e  sun, and o u r  t a s k  would be completed. I t  is  

p r e c i s e l y  t h i s  r e l a t i o n  between ZT and 71 which i s  suppl ied  

by Kepler’s t h i r d  l a w  of p lane tary  motion. The t h i r d  l a w  s t a t e s  

where T 
o r b i t ,  and i s  def ined above. c i s  a cons t an t  w h i c h  has  

is the  o r b i t a l  per iod,  or t i m e  f o r  completion of a.n 

t h e  s a m e  value f o r  a l l  p lane ts .  The speed of the  p l a n e t  is  

&JzL-w Lut&mLL 6kk-h - 2 rx - 
mcchA?u;A” 7- 

’ 2 r = -  

Thus, 
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and, e l imina t ing  T2 with t h e  a i d  of Kepler's third law, 

Thus t h e  fo rce  holding a p lane t  i n  i t s  orb i t  fall0 off as the 

square of t h e  d i s t a n c e  (R) tc t h e  sun, 

Once t h i s  r e s u l t  was i n  hand, Newton proceeded to  t e s t  the 

u n i v e r s a l i t y  of  g r a v i t a t i o n  by determining whether the same 

i n v e r s e  square l a w  holds  fo r  t h e  s e p a r a t e  f o r c e s  which bind 

the p l a n e t s  t o  t h e  sun, hold t h e  moon i n  i t s  o r b i t ,  and p u l l  

o b j e c t s  t o  t h e  su r face  of  the  e a r t h ,  Again us ing  t h e  

c e n t r i p e t a l  a c c e l e r a t i o n  formula, he c a l c u l a t e d  t h e  fo rce  hold-  

i ng  t h e  moon i n  i t s  o r b i t  around t h e  e a r t h .  He then c a l c u l a t e d  

t h e  fo rce  wi th  which t h e  e a r t h  a t t r a c t s  an o b j e c t  l y i n g  on i t s  

su r face .  For t h i s  purpose he had t o  assume t h a t  t h e  e a r t h  

a t t racts  bodies  on i t s  sur face  as i f  i t s  m a t t e r  were con- 

c e n t r a t e d  a t  t h e  c e n t e r .  The d i s t a n c e  wi th  which t h e  a t t r a c t i o n  

acts i s ,  t h e r e f o r e ,  t h e  r a d i u s  of t h e  e a r t h ,  or 4000 miles .  

The moon i s  240,000 m i l e s  from t h e  c e n t e r  of  t h e  e a r t h .  If 

t h e  i n v e r s e  square l a w  i s  u n i v e r s a l l y  a p p l i c a b l e ,  t h e  force 

of  g r a v i t y  on t h e  moon w i l l  be weaker than  on objects &t the 

e a r t h ' s  s u r f a c e ,  i n  t h e  r a t i o  of (4000/240,000)2 o r  m e  part 

i n  3600. 
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In Newton’s calculaticns he did n s t  consider the actual 

forces exerted by the earth on the m c m  and on a falling object 

near its surface, respectively., Instead, he considered the 

accelerations produced by these forces, which are proportional 

to them according to his second law of motion. The ratio of 

the forces is, therefore, equal to the ratio of the accelera- 

tions. We will now calculate these acceleration9 as Newton did, 

and compare their ratio with 1:3600, 

First we consider the gravitational acceleration of an 

object at the surface of the earth. This is readily o b t a k d  

by experiments. A freely falling object experiences the full 

force of gravity, which causes it to accelerate in such a way 

that, as Galileo determined, the speed of falling increases in 

proportion to the time, and the distance fallen increases as 

the square of the time. If the falling object is initially 

at rest, and acquires a speed v at the end of a time t , 

then the acceleration is 

a = change in speed time elapsed 

= v/t 

The distance fallen is equal to the average speed during the 

fall, or +v , times t or $vt . In terms of acceleration, 
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Therefore ,  a measurement of t h e  d i s t a n c e  d through which  a 

body f a l l s  i n  a t i m e .  t w i l l  yield t h e  g r a v i t a t i o n a l  acce le r -  

a t i o n ,  a . 

I n  Newton's time these  measurements had been c a r r i e d  ou t  

on f a l l i n g  bodies ,  and it; had been determined t h a t  i n  t h e  

f i r s t  second of  time an ob jec t  f a l l s  1 6  f e e t .  Thus 

and 

a = 32 f ee t / s ec2  

W i t h  t h e  a c c e l e r a t i o n  of a body a t  t h e  s u r f a c e  of t h e  e a r t h  

determined, Newton then proceeded t o  c a l c u l a t e  t h e  a c c e l e r a t i o n  

o f  t h e  moon toward t h e  e a r t h ,  us ing ,  once aga in ,  t h e  Newton' 

Huyghens formula f o r  c e n t r i p e t a l  a c c e l e r a t i o n :  

a = V ~ / R  . 

The moon t r a v e r s e s  a c i r c l e  of 240,000 mi le  r a d i u s  and l eng th  

2 x 240,000 mi l e s  i n  a time of  2 8  days o r  ( 2 8  x 86,400) 

seconds, i t s  o r b i t a l  speed v being 

= 3260 f e e t j s e c  

Thus t h e  c e n t r i p e t a l  a c c e l e r a t i o n  of t h e  moon i n  i t s  o r b i t  i s  

a =  (3260) feet /sec '  
(240,000 x 5280) 
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2 a = ,0085 f ?c t / s ec  

The r a t i o  o f  the mccn's a c c e l c r a t i c n  TO t h e  a c c e l e r a t i o n  of 

g r a v i t y  i s  
.00845 - 32.2 = 1~3808 

This  resul t :  i s  elcse to t h e  p red ic t ed  r a t i o  o f  3600, t h e  

discrepancy being t h e  r e s u l t  of approximations i n  our  a r i t h -  

m e t i c .  I n  Newton's c a l c u l a t i o n s ,  when he repeated them i n  

1684 with t h e  b e s t  va lues  of a and R then  a v a i l a b l e ,  t h e  

r a t i o  of  t h e  a c c e l e r a t i o n s  agreed with t h e  theory  t o  1/60 of 

one p e r  c e n t ,  which w a s  good enough t o  g ive  s t rong  support  t o  

t h e  hypothes is  of un iversa l  g r a v i t a t i o n .  

Newton assumed i n  h i s  i n i t i a l  d e l i b e r a t i o n s  i n  1665-67 

t h a t  t h e  fo rce  of t h e  ear th  on a nearby o b j e c t  c o u l d  be  replaced 

by  t h e  a t t r a c t i o n  of a poin t  m a s s  s i t u a t e d  a t  t h e  c e n t e r  of 

t h e  e a r t h .  This  i s  an accura te  assumption f o r  t h e  moon, which 

i s  so f a r  away t h a t  i t  may be considered t o  be a t  very  c l o s e l y  

t h e  same d i s t a n c e  from every element of m a s s  w i th in  t h e  e a r t h .  

B u t  t h e  force  of g r a v i t y  on an o b j e c t  a t  t h e  su r face  of t h e  e a r t h  

i s  compounded of t he  forces  exer ted  by a l l  t h e  elements of 

mat ter  i n  t h e  e a r t h ,  some of which may be as close as  a few 

f e e t ,  while o t h e r s  a r e  as f a r  away a s  t h e  f u l l  diameter  of  t h e  

p l a n e t .  A l l  e x e r t  an a t t r a c t i o n  p ropor t iona l  t o  t h e  i n v e r s e  

square of t h e i r  ind iv idua l  d i s t a n c e s  from t h e  o b j e c t  i n  
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q u e s t i c n ,  ar,d : t  ; s  d i f f i c u l t  t o  determine how these  s e p a r a t e  

f o r c e s ,  whose maqn:  tudes vary  so g r e a t l y  s h a l l  be added toge the r .  

Newton c n l y  succeeded i n  solving t h i s  problem i n  1679 or 1680.  

I t  i s  poss ib l e  t h a t  he withheld t h e  pub l i ca t ion  of h i s  work 

on un ive r sa l  gravEtati t .n and t h e  motion of t h e  moon because 

he w a s  Lnable t i 1  prc,ve the v a l i d i t y  of h i s  assumption. 

Complete Statement of t h e  Law of Gravi ty .  Newton s t a t e d  t h a t  

t h e  g r a v i t a t i o n a l  a t t r a c t i o n  of t he  e a r t h  on t h e  moon i s  

inve r se ly  p rcpor t iona l  t o  the  square o f  t h e  d i s t a n c e  between 

them, and p ropor t i cna l  t o  the  product of t h e  masses of  bo th  

bodies ;  and, i n  gene ra l ,  t h a t  t h e  g r a v i t a t i o n a l  fo rce  of  

a t t r a c t i o n  b e t w e e n  two o b j e c t s ,  of masses m and M , sepa- 

r a t e d  by a d i s t a n c e  R i s  

i n  which C i s  t h e  constant  of p r o p o r t i o n a l i t y ,  c a l l e d  t h e  

cons tan t  of un ive r sa l  g r a v i t a t i o n .  I n  the  met r ic  system, 

w i t h  l eng th ,  m a s s ,  and time measured i n  c e n t i m e t e r s ,  grams 

and seconds,  r e s p e c t i v e l y ,  G has the  value 6.7 x lo-*. 

This i s  the force holding a p l a n e t  i n  i t s  o r b i t .  I f  w e  c o m -  

b ine  t h e  l a w  of g r a v i t y  with t h e  second l a w  of motion w e  

d e r i v e  t h e  va lue  of the  o r b i t a l  v e l o c i t y  of a p l a n e t  a t  a 
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